Complex ratio problem – approaches to teaching kids

Fred and George had some savings in the ratio 3 : 4 respectively. They decided to buy a birthday present for their little sister sharing the cost at ratio 2 : 3 respectively. After they have bought the present, Fred already spent half of his money. And George only has $21 left over. Find the price of the present (that will lead to Fred’s saving and George’s saving).

This is a tough ratio problem for even adults to quickly work out. There are several ways to solve this, but some are definitely superior than others. The quicker and simpler methods are infinitely more desirable! It seems pictorial representation is always the simplest and most effective. Algebra is surely an overkill and is unsuitable for young kids (but we are often tempted to use it).
Algebra – a complex method

Let F = the money Fred had

Let G = the money that George had

Let P = the price of the present

We have the following relationships

1) Fred’s saving and George’s saving in ratio 3 : 4

F/3 = G/4

2) Fred’s saving and the price of the cake

F/2 = 2P/5
3) George’s saving and the price of the cake

G – 3P/5 = 21

Now these three equations need to be solved. It’s not easy to solve the set of 3 equations with 3 variables. Two variables have to be eliminated 

F/3 = G/4

F/2 = 2P/5
G – 3P/5 = 21

Algebraic solution

(1) F/3 = G/4

(2) F/2 = 2P/5
(3) G – 3P/5 = 21
(4) F = 3G/4 
from (1)

(5) F = 4P/5
from (2)

(6) 3G/4 = 4P/5
from (4) and (5), substitution

(7) G = 4x4P/5x3 = 16P/15 
from (6)

(8) 16P/15 – 3P/5 = 21
from (7) and (3), substitution

(9) 16P/15 – 3x3P/15 = 21x15/15
from (8)

(10) 16P – 9P = 21x15
from (9)

(11) 7P = 21x15
from (10)

(12) P = 21x15/7 = 45
from (11)
The 12 logical transformations with 2 substitutions seem to be quite beyond the ability of kids under grade 7. Therefore Algebraic solution looks quite daunting.

Abstract reasoning using fractions – a moderately complex method
This method also involves some trial and error and a bit of luck to make it simple enough

1) The saving ratio between Fred and George is 3 : 4. Time both sides with 4 we get equivalent ratio of 12 : 16. This will make it easier to do multiplication and division.

2) The cost of the cake is divided into 5 parts by the ratio 2 : 3. Fred pays for 2 parts and George pays for 3 parts. We can see that Fred is going to use ½ of his saving or 6 units to pay for the 2 parts. Applying ratio 2 : 3, we see that George will have to pay for 3 parts with 6 x 3/2 = 9 units of saving.

3) From (2) above we have a new ratio of money that Fred and George pay for the present as     6 : 9 . Together they pay 15 units of money.

4) We know George has 16 units of money from (1). After he pays his share of 9 units, he has $21 left. So we now know that $21 is 16 – 9 = 7 units. Each unit is $21/7 = $3

5) From (3) and (4) we can work out the price of the present. We time 15 units with the cost of each unit at $3 to get 15 x $3 = $45

This train of reasoning is not easy! It’s very demanding on memory and mental relational manipulation. It also involves scaling the ratio 3 : 4 to 12 : 16 to help making the computation easier. Otherwise the computation of numbers will give numbers with many decimal places forcing kids to use calculator to avoid tedious manual computation of decimal numbers. There is no way to know in advance that scaling by 4 to get  3 : 4 to 12 : 16 will be the best option (why use the number 4? Magic?). This is a bit of “walking in the dark”. The solution is often rewritten (like the above) to make it simpler after one find it out the hard way!

Pictorial solution –  simplest and most elegant

1) From the saving ratio 3 : 4, we have the following diagram


[image: image1]
2) The cake is paid for by ratio 2 : 3. Imagine the cake is split into 5 parts. That means 2 parts paid by Fred and 3 parts paid by George. Fred spends ½ of his saving for 2 parts of the cake. We have the following diagram


[image: image2]
It shows Fred pays 1.5 units of saving for his 2 parts of the cake. We know George pays for the other 3 parts of the cake, we can work out that George pays 3x1.5/2 = 2.25 units of saving. We can shade this 2.25 units into the diagram for George (note that 0.25 is 1 quarter)


[image: image3]
We can see that the unshaded little parts that belong to George combine to represent the $21 that George has as the left-over after paying for his 3/5 share of the cost of cake. By breaking a unit into 4 little quarters, we can see 7 little quarters left over. This means each little quarter is worth $21/7 = $3. Now just by counting the shaded parts in terms of little quarters we will see they are worth 15 little quarters, or the price of the cake is 15 x $3 = $45

Conclusion

The first method using Algebra will be suitable for grade 7-8 high school kids. The second method using ratio reasoning is probably suitable for grade 6 or 7 kids. But the pictorial method will be suitable for grade 4-5 kids. A very smart grade 3 kids might be able to take this pictorial instruction because it does not put so much demand on memory and relational processing power in the brain. 
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